Polynomial Rings in Which Delta Operators are Derivations  by Ferrari, Luca
doi:10.1006/eujc.2001.0534
Available online at http://www.idealibrary.com on
Europ. J. Combinatorics (2001) 22, 1059–1064
Polynomial Rings in Which Delta Operators are Derivations
LUCA FERRARI
For each delta operator Q, we define a multiplication of polynomials of K [x] that makes Q a
derivation in a suitable polynomial ring. We see that such derivation ring is isomorphic to K [x] with
the usual derivative operator D. We supply a complete classification of the isomorphisms between
these two structures, ending with a slight generalization.
c© 2001 Academic Press
1. INTRODUCTION
One of the main concepts of classical umbral calculus is the concept of delta operator de-
fined e.g., in [6]. The delta operators are a particular class of endomorphisms of the vector
space K [x] (K a field of characteristic zero) having strong analogies with the derivative op-
erator D. The question that naturally arises is if delta operators are themselves derivations
(in the algebraic meaning) of the usual polynomial ring K [x]: it is easy to see that it hap-
pens only for the delta operators of the form cD, c in K ∗. However, for every delta operator
Q, it is possible to define a suitable multiplication ? in K [x], in such a way that the struc-
ture [K , K [x];+, ?, ·ext] (addition and scalar multiplication as usual) becomes an algebra in
which Q is a derivation; more precisely, it will be shown that this derivation algebra is iso-
morphic (as a derivation algebra) to the usual polynomial algebra together with the derivation
D: the isomorphism is the umbral operator T mapping the basic polynomial sequence for
D to the basic polynomial sequence for Q (also for the definitions of these concepts we re-
fer to [6]). Since there are deep links between the delta operators and the basic polynomial
sequences, it would be natural to think that the previous isomorphism is the unique isomor-
phism between the two structures we are dealing with. To the contrary, it will be found that
it is not so. In fact it is possible to make a complete classification of these isomorphisms,
proving that they are exactly the operators of the form T Ea , a in K , and Ea shift operator
(see [6]). This means that a derivation algebra isomorphism between [K , K [x]; D;+, ·, ·ext]
and [K , K [x]; Q;+, ?, ·ext] does not necessarily ‘preserve’ the basic polynomial sequences,
even if it could seem reasonable at a first glance.
Everything we have just told does not depend on the particular choice of the derivation
algebra [K , K [x]; D;+, ·, ·ext]. Indeed, it can be shown that two polynomial algebras con-
structed in the previous way starting from two arbitrarily chosen delta operators Q and P are
isomorphic derivation algebras, and that their isomorphisms are exactly the operators of the
form SEa R−1, where Ea is a shift operator and S, R are the umbral operators associated with
the basic polynomial sequences related to the delta operators P and Q, respectively.
We refer to [6] for any notations and definitions.
2. CONSTRUCTION OF THE RING
In spite of the remarkable similarities with D, in general a delta operator is not a derivation
of the usual polynomial ring; more precisely, the following proposition holds.
PROPOSITION 2.1. Let Q be a delta operator of K [x]; then, Q is a derivation in K [x] if
and only if Q = cD, for some c in K ∗.
The very simple proof is left to the reader.
Now we will see that it is possible to make any delta operator into a derivation by defining
a suitable multiplication in K [x].
0195–6698/01/081059 + 06 $35.00/0 c© 2001 Academic Press
1060 L. Ferrari
Let Q be a delta operator in K [x] and let (pn(x))n∈N be the basic polynomial sequence
for Q. We define a multiplication in K [x] by setting
∀n,m ∈ N, pn(x) ? pm(x) = pn+m(x), (1)
and then extending to K [x] by linearity.
PROPOSITION 2.2. [K [x];+, ?] is an integral domain with unity.
PROOF. Trivial. 2
It is not difficult to show that the previous ring becomes an algebra when the usual scalar
multiplication is defined.
PROPOSITION 2.3. Let T : K [x] −→ K [x] be the umbral operator associated with
(pn(x))n∈N, that is T (xn) = pn(x), for every n ∈ N; then T D = QT .
PROOF. See [6]. 2
PROPOSITION 2.4. The umbral operator T is an algebra isomorphism from
[K , K [x];+, ·, ·ext] to [K , K [x];+, ?, ·ext].
PROOF. Every umbral operator is invertible, then bijective; it remains only to show that T
preserves multiplication (addition and scalar multiplication are clearly preserved, since T is
linear). Let an(x), bm(x) ∈ K [x], an(x) =∑nk=0 ank xk and bm(x) =∑mh=0 bmh xh ; we have:
T (an(x) · bm(x)) = T
((
n∑
k=0
ank x
k
)
·
(
m∑
h=0
bmh xh
))
= T
( ∑
k+h≤n+m
ankbmh xk+h
)
=
∑
k+h≤n+m
ankbmh T (xk+h)
=
∑
k+h≤n+m
ankbmh pk+h(x)
=
∑
k+h≤n+m
ankbmh(pk(x) ? ph(x))
=
(
n∑
k=0
ank pk(x)
)
?
(
m∑
h=0
bmh ph(x)
)
= T (an(x)) ? T (bm(x)). 2
PROPOSITION 2.5. The delta operator Q is a derivation of the algebra K [x]∗ =
[K , K [x]; +, ?, ·ext].
PROOF. Q is a vector space endomorphism of K [x] by definition. Using above notations
and results and setting αn(x) = T (an(x)) = ∑nk=0 ank pk(x) and βm(x) = T (bm(x)) =∑m
h=0 bmh ph(x), we get:
Q(αn(x) ? βm(x)) = Q(T (an(x)) ? T (bm(x)))
= QT (an(x) · bm(x))
= T D(an(x) · bm(x))
= T (D(an(x)) · bm(x)+ an(x) · D(bm(x)))
= QT (an(x)) ? T (bm(x))+ T (an(x)) ? QT (bm(x))
= Q(αn(x)) ? βm(x)+ αn(x) ? Q(βm(x)). 2
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The equality T D = QT means that the image of the ‘derivation’ (in K [x]) of a polynomial
is the ‘derivation’ (in K [x]∗) of the image of that polynomial, that is T is a derivation algebra
isomorphism.
In this section the delta operator Q was arbitrarily fixed at the beginning; this fact allows
us to say that, for any delta operator Q, there is a polynomial algebra in which Q is a deriva-
tion, and all these derivation algebras are isomorphic. More precisely, if K [x]∗ and K [x]2
are the derivation algebras constructed as before starting from the delta operators Q and P
respectively, associated with the basic polynomial sequences (qn(x))n∈N and (pn(x))n∈N,
an isomorphism between these two algebras is the umbral operator mapping (qn(x))n∈N to
(pn(x))n∈N.
3. CLASSIFICATION OF THE ISOMORPHISMS
It is interesting to wonder whether the above derivation algebra isomorphism from K [x]
to K [x]∗ is unique. If it is not so, it would be useful to set down a classification of such
isomorphisms.
Before starting, just a notation. A linear operator T : K [x] −→ K [x] is called the Sheffer
operator associated with the Sheffer sequence (sn(x))n∈N when T (xn) = sn(x), for every
n ∈ N (once again, we refer the reader to [6] for the definition of Sheffer sequences).
PROPOSITION 3.1. If R : K [x] −→ K [x]∗ is a derivation algebra isomorphism, then
(R(xn))n∈N is a Sheffer set associated with the delta operator Q such that R(1) = 1.
PROOF. By hypotesis, R must ‘preserve derivation’, that is RD = Q R; if we write R(xn) =
rn(x) for every n ∈ N, then we get:
Q(rn(x)) = Q R(xn) = RD(xn) = R(nxn−1) = nrn−1(x).
The fact that R(1) = 1 is trivial and left to the reader. 2
LEMMA 3.1. Let T be the umbral operator mapping (pn(x))n∈N (basic sequence for the
delta operator P) to (qn(x))n∈N (basic sequence for Q). If (rn(x))n∈N is a Sheffer set for P,
then (T (rn(x)))n∈N is a Sheffer set for Q.
PROOF. A proof of this lemma can be found in [6]. 2
The next is the central result of this section.
PROPOSITION 3.2. Let (rn(x))n∈N be a Sheffer set associated with the delta operator Q
such that r0(x) = 1. Then, rn(x) ? rm(x) = rn+m(x) for every n,m ∈ N if and only if there
exists an element a ∈ K such that,
rn(x) =
n∑
k=0
(
n
k
)
an−k pk(x), (2)
for every n ∈ N, where (pn(x))n∈N is the basic sequence for the delta operator Q.
PROOF. For every n,m ∈ N, we get:
rn(x) ? rm(x) =
(
n∑
k=0
(
n
k
)
an−k pk(x)
)
?
(
m∑
h=0
(
m
h
)
am−h ph(x)
)
=
n+m∑
k=0
( k∑
h=0
(
n
h
)(
m
k − h
))
an+m−k pk(x);
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thus, recalling Vandermonde identity
(
n+m
k
) =∑kh=0 (nh)( mk−h), we conclude:
rn(x) ? rm(x) =
n+m∑
k=0
(
n + m
k
)
an+m−k pk(x) = rn+m(x),
as desired.
⇒) Suppose rn(x) ? rm(x) = rn+m(x), for every n,m ∈ N; in particular, this means
[rn(x) ? rm(x)]x=0 = [rn+m(x)]x=0. Now, let T be the umbral operator for the basic se-
quence (pn(x))n∈N associated with the delta operator Q and define ρn(x) = ∑nk=0 ρnk xk =
T−1(rn(x)), for every n ∈ N. We get obviously rn(x) = T (ρn(x)) = ∑nk=0 ρnk T (xk) =∑n
k=0 ρnk pk(x). Hence:
rn(x) ? rm(x) =
(
n∑
k=0
ρnk pk(x)
)
?
(
m∑
h=0
ρmh ph(x)
)
=
n+m∑
k=0
( k∑
h=0
ρnhρm(k−h)
)
pk(x).
This way we can say that [rn(x)?rm(x)]x=0 = [rn+m(x)]x=0 if and only if ρn0ρm0 = ρ(n+m)0.
Thanks to this last equality, it will be enough to give the value of ρ10 in order to compute all
the ρn0’s, for n ∈ N, since ρn0 = ρn10. Thus, setting ρ10 = a ∈ K , we get ρn0 = an .
Thus, since (ρn(x))n∈N is an Appell sequence (thanks to the previous lemma), each ρn(x) is
determined by the sequence (ρn0)n∈N; namely, there is a relation among the coefficients of an
Appell sequence for which ρnk =
(
n
k
)
ρ(n−k)0 =
(
n
k
)
an−k , and so rn(x) =∑nk=0 (nk)an−k pk(x).
This completes our proof. 2
THEOREM 3.1. The Sheffer operator R associated with (rn(x))n∈N (Sheffer for the delta
operator Q and such that r0(x) = 1) is a derivation algebra isomorphism between [K , K [x];
D;+, ·, ·ext] and [K , K [x]; Q;+, ?, ·ext] if and only if there exists an element a ∈ K such that,
rn(x) =
n∑
k=0
(
n
k
)
an−k pk(x), (3)
for every n ∈ N, where (pn(x))n∈N is the basic sequence for Q.
PROOF. ⇐) R preserves addition and scalar multiplication, for it is a linear operator. As
far as multiplication is concerned, thanks to the above proposition, we have R(xn · xm) =
R(xn+m) = rn+m(x) = rn(x) ? rm(x) = R(xn) ? R(xm) for every n,m ∈ N, and the rest
follows by linearity. Moreover it is R(1) = R(x0) = r0(x) = 1, so that R also preserves the
unity. Finally for the derivation we easily get:
RD(xn) = R(nxn−1) = nrn−1(x) = Q(rn(x)) = Q R(xn),
and so the proof is complete.
⇒) Since R preserves multiplication, we clearly have rn(x) ? rm(x) = R(xn) ? R(xm) =
R(xn · xm) = R(xn+m) = rn+m(x): then, thanks to Proposition 3.2, there exists a ∈ K such
that rn(x) =∑nk=0 (nk)an−k pk(x), where (pn(x))n∈N is the basic sequence for Q. This proves
the thesis. 2
The previous theorem allows us to give an extremely simple classification of the isomor-
phisms between K [x] and K [x]∗; in fact, if T is the umbral operator associated with the basic
polynomial sequence (pn(x))n∈N, then R : K [x] −→ K [x]∗ is a (derivation algebra) isomor-
phism if and only if there exists an element a ∈ K such that R(xn) =∑nk=0 (nk)an−k pk(x) =
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k=0
(
n
k
)
an−k T (xk) = T (∑nk=0 (nk)an−k xk) = T ((x + a)n) = T Ea(xn). This means that
the isomorphisms between the two derivation algebras [K , K [x]; D;+, ·, ·ext] and [K , K [x];
Q; +, ?, ·ext] are exactly the operators of the form T Ea , for a running over K .
Once again, what we have proved above does not depend on the fact that we have worked
with the particular derivation algebra [K , K [x]; D;+, ·, ·ext]. Indeed, using the same tech-
niques, it can be shown that, if we consider the two derivation algebras [K , K [x]; Q;+, ?, ·ext]
and [K , K [x]; P;+,2, ·ext], then the isomorphisms between them are exactly the Sheffer op-
erators V : K [x] −→ K [x] such that there exists a ∈ K for which V (qn(x)) = vn(x) =∑n
k=0
(
n
k
)
an−k pk(x) (for every n ∈ N).
THEOREM 3.2. The isomorphisms between the two above derivation algebras are exactly
the operators of the form SEa R−1, for a running over K and R, S umbral operator related,
respectively, to the basic sequences (qn(x))n∈N (basic for Q) and (pn(x))n∈N (basic for P).
PROOF. Given a ∈ K , we trivially have SEa R−1(qn(x)) = SEa(xn) = S((x + a)n) =
S
(∑n
k=0
(
n
k
)
an−k xk
) = ∑nk=0 (nk)an−k pk(x), that is enough to conclude thanks to the above
considerations. 2
COROLLARY 3.1. All the isomorphisms between the two derivation algebras described
above can be obtained by composition of an isomorphism from [K , K [x]; Q;+, ?, ·ext] to
[K , K [x]; D;+, ·, ·ext] and an isomorphism from [K , K [x]; D;+, ·, ·ext] to [K , K [x]; P;
+, 2, ·ext].
3.1. Connections with classical umbral calculus. In the 1990s, Rota and his collaborators
have fully succeeded in formulating a suitable theory to give a rigorous presentation of the
umbral calculus as formerly applied heuristically in the nineteenth century. We refer the reader
to [5, 8, 9] for a fairly complete description of the language of such theory (in particular, for
the notions of ‘umbra’ and of ‘dot product’ •).
It is not difficult to reinterpret the results of this paper in terms of this renewed point of
view. First of all we have to recall a result proved in [9].
PROPOSITION 3.3. Let (pn(x))n∈N be a sequence of binomial type. The following are
equivalent:
(1) (sn(x))n∈N is Sheffer with respect to (pn(x))n∈N;
(2) (sn(x))n∈N = (pn(x + β))n∈N for some umbra β;
(3) there exist umbrae β, γ such that pn(x) ' (x•γ )n and sn(x) ' ((x + β)•γ )n .
We can now restate Theorem 3.1 by using the language of umbrae as follows.
THEOREM 3.3. The Sheffer operator R is a derivation algebra isomorphism if and only if
rn(x) = pn(x + β), where β is an umbra such that pn(β) ' (β•γ )n ' an , for some a ∈ K .
PROOF. Just rewrite formula (3) according to the last proposition:
n∑
k=0
(
n
k
)
an−k pk(x) = rn(x) ' pn(x + β) =
n∑
k=0
(
n
k
)
pn−k(β)pk(x),
whence the thesis immediately follows. 2
Thus, we have a condition to be satisfied by β in order to ‘umbrally represent’ a Sheffer set
associated with a derivation algebra isomorphism.
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Alternatively, the same thing could be proved by defining a new equivalence relation. Let
T be the following linear operator:
T : K [x, y, α, β, . . . , γ, . . .] −→ K [x]
: xn −→ xn
: yn −→ pn(x)
: a −→ a
: αn −→ an .
We will call T the umbral functional associated with (pn(x))n∈N (even if K [x] is not a
field). y is a polynomial umbra, according to [7], which umbrally represents the polynomial
sequence (pn(x))n∈N. We define an equivalence relation depending on T by setting p 'T
q whenever T (p) = T (q). Using this new equivalence relation, we immediately have the
following characterization of Sheffer sequences, whose proof follows the lines of the classical
one for Appell sequences (see [9]).
PROPOSITION 3.4. (sn(x))n∈N is a Sheffer set associated with the basic sequence
(pn(x))n∈N if and only if sn(x) 'T (y + β)n , for some (scalar) umbra β.
Then we can easily translate Theorem 3.1 in the new language.
THEOREM 3.4. The Sheffer operator R is a derivation algebra isomorphism if and only if
rn(x) 'T (y + a)n , for some a ∈ K .
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